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Abstract

This note defines distributionaly concervative versions of stochastic dominance relations
based on subsampling. It presents a non-asymptotic analysis of the probability of the False
Dominance (FD) error for the empirical version of the subsampling based empirical dominance
procedure. The analysis is based on the generalization of the McDiarmid concentration in-
equality to n-mixing processes by Kontorovich and Ramanan (2008). The concentration bounds
obtained depend on "entropy” characteristics of the problem, like the Lipschitz coefficients of
the utilities involved, on the FD parameters involved, as well as on the coefficients that rep-
resent temporal dependence at each subsample. The analysis establishes tighter concentration
bounds for the conservative procedure in both stationary and non-stationary cases when the
subsampling rate is appropriately chosen.

JEL Codes: C44, C58, G11. MSC2020: 62C, 62P20, 62E17.
Keywords: Stochastic dominance, subsampling, distributional conservativeness, concentration

inequality, non-asymptotic analysis, false dominance classification.

1 Introduction

Stochastic dominance relations serve as (pre-) orders on collections of probability distributions over
the real line (refer to Fishburn (1976) [4]) for precise definitions and Shah (2017) [16] for extensions

into function spaces). These relations are typically defined by inequalities involving sets of utility
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functions within the expected utility framework (see Fishburn (1976) [4], as well as Levy (1992) [8]).
Then, dominance concerning such a relation indicates preference determined by every utility within
the class, and vice versa. Consequently, these relations are inherently robust regarding preferences;
they represent maximally conservative decisions under the uncertainty concerning preferences about
risk.

Their research has become significant in the fields of economics, finance, operations research,
and statistics/econometrics (see, for example, McFadden (1989) [10], Mosler and Scarsini (1993)
[11], Gayant and Le Pape (2017) [5]), as it, among others, allows for inference about properties of
optimal choice without necessitating a parametric specification for preferences.

An illustrative case in finance is portfolio optimization based on stochastic dominance. This
approach extends the traditional mean-variance method without depending on assumptions of sa-
tiation or elliptical return distributions. Recent studies in operations research and econometrics
have tackled the analytical hurdles of numerical optimization and statistical inference, thereby en-
hancing its practical applicability. Notable applications are highlighted by Hodder et al. (2015)
[6]; Constantinides et al. (2020) [3]; Post and Rodriguez-Longarela (2021) [13]; and Arvanitis and
Post (2024) [2]. The process of selecting a portfolio generally involves optimizing an empirical crite-
rion, constrained by the requirement that the chosen portfolios empirically dominate a benchmark
portfolio. Although the portfolio deemed empirically optimal dominates the benchmark within the
sample, it remains vulnerable to the potential decision error of False Dominance (FD) classification
when applied to the entire population.

Within general sampling schemes, this decision error becomes asymptotically negligible. Con-
trolling the probability of this error with a fixed sample size is crucial in practice, especially when
the sample size is relatively small compared to the dimensionality of the portfolios analyzed. A
potential way of achieving this is by introducing forms of distributional robustness in the prob-
lem; this can be done via uncertainty sets containing distributions close to the empirical one for
conservative evaluations of the empirical dominance conditions.

The present note investigates a path where the uncertainty sets are constructed via subsampling.
Specifically, given the sample, and the choice of a subsampling rate by the analyst, the empirical

dominance conditions are evaluated at the empirical distributions of the maximally overlapping



subsamples. Then dominance occurs if and only if those are favourable for every utility in the class
as well as for every subsample considered.

A by-product of this construction is that such a distributionally conservative dominance re-
lation can be also defined in the population by integrating the subsampling enhanced dominance
relations w.r.t. the latent DGP distribution. When the DGP is stationary, this reduces the relation
to a standard stochastic dominance relation involving the marginal stationary distribution of the
process. In the context of non-stationarity however, it provides for example a way of construct-
ing conservative population stochastic dominance relations for processes that exhibit structural
changes. Population dominance then occurs if the usual dominance holds at every epoch of the
process, or if the epochs at which it fails become asymptotically negligible with the sample size.

The note performs the non-asymptotic investigation of the probability of the FD error for
the empirical version of the subsampling based dominance using the technology of concentration
inequalities. Specifically, the analysis is based on the generalization of the McDiarmid concentration
inequality (see McDiarmid (1989) [9]) to 7-mixing processes by Kontorovich and Ramanan (2008)

)

[7]. The concentration bounds obtained depend on ”entropy” characteristics of the problem, like
the Lipschitz coefficients of the utilities involved, on the FD parameters involved, as well as on
the coefficients that represent temporal dependence at each subsample. The analysis establishes
that those bounds can be tighter for the subsampling based conservative procedure, both in the
non-stationary case due to the dependence of the bound on the subsample of minimal temporal
dependence, or in the stationary scenario as long as the subsampling rate is approriately chosen.
The structure of the remaining note is the following: the second section fixes the general notation
and framework and provides the definitions and properties of the subsampling based distributionally
conservative versions of stochastic dominance relations. The third section derives and analyzes the

non-asymptotic bounds for the probability of FD. The final section concludes and briefly discusses

paths for future research.



2 Conservative stochastic dominance based on subsampling

The random element X;, assumes its values in X, a countable and bounded subset of RY; diam(X’)
denotes its Euclidean diameter. From an application perspective, X may carry some economic
significance, such as representing potential returns for N base financial assets. In this context,
the aspects of boundedness and countability are pertinent to such empirical data. The stochastic
process (X¢)ien, that arises, may be viewed as capturing the discrete-time stochastic dynamics
of the aforementioned returns. It is presumed to adhere to a specific and latent distribution P
with respect to which stationarity is not a prerequisite. Given a sample (Xt)lgth? available
to the analyst and the subsampling rate 1 < by < T, the maximally overlapping subsamples
(X (M) 1 <imer—bps1m<t<bprm—1 are considered; there Fy, p,. denotes the empirical distribution of
(X (m)t)mgtng+m—1'

A is a closed subset of the N — 1 standard simplex. An arbitrary element of A is denoted by
A and, in the financial context mentioned earlier, can be interpreted as a convex portfolio created
from the base assets, leading to returns of X’X;. Within A, 7 is a distinguished element that could
represent a benchmark portfolio relevant to the analyst’s research questions.

U is a family of Lipschitz continuous real utility functions that represent preference relations
over the set of probability distributions defined on X. The scaling invariance of the preferences
represented by the elements of U, implies that the family can be without loss of generality consid-
ered as uniformly Lipschitz with a common coefficient denoted by l;; > 0. A prominent example
associated with the concept of second order stochastic dominance is the set of Russell-Seo utilities,
{u(z) == —(2 — )4+, z € X}, see Russell and Seo (1989) [14]; there [y = 1. Given a probability
measure F on X and a u € U, Gr(u, A, 7) := Er [u (N'X)] —Ep [u (7'X)] is then the expected utility
differential between the projects A and 7, evaluated at (F,u).

The tuple (U, P, br, (X;)ien) defines then the following stochastic dominance relation:

Definition 1. A dominates the benchmark T w.r.t. (U, P,br, (X¢)ien) iff Ep |:G]Fm,bT (u, A\, 7)| >0,
YVueld,Vm=1,...,T —bp — 1.

The definition asserts that dominance occurs if and only if A is preferred to the benchmark in

terms of the expected w.r.t. P, average utility of the m™ subsample, by every utility in the class



U, and every subsample defined by the choice of the rate by. The resulting relation also adheres
to Definition 5.1.(1) of Shah (2017) [16]. Within the framework outlined in this paper, the state
space is the convex hull of the set {Xx,)\ € ,xeX }T, while the function space of utilities is
defined as the set {é izjn’"*l u(xg), u eUdym=1,...,bp+m — 1}. Thus, the relation can also
be perceived as an ordering between stochastic processes supported on the countable set X7 .
When the process (X;)cn is stationary, the subsampling part of the relation becomes irrelevant,
since then Ep |:GFm,bT (u, A, T)} = Er [u (XN'X)] — Er [u (7'X)], where F now denotes the stationary
marginals of P. The definition thus reduces to standard forms of stochastic dominance relations
over sets of probability distributions on R; when for example U is the set of Russell-Seo utilities,
the usual second order stochastic dominance relation is recovered (see Russell and Seo (1989) [14]).
The subsampling rate gains importance in the context of non-stationarity, for example due
to heterogeneity among the marginal distributions within P. Then averaging of expected utility
differentials inside the subsamples becomes important. For a simple example, suppose that the

X ¢ <1
b —_—
process (X;)sen is comprised by two different epochs: for some 1 < T* < T, X; = ,

Xx? <1
where (Xgl))teN and (X§2))teN are two mutually independent stationary X-valued processes, with
stationary marginals F; and Fa respectively. Suppose also that Ef, [u (XX)] —Ep, [u (7'X)] > 0 for
every utility in the class, but there exists some v € U for which Eg, [v (X'X)] — Er, [v(7'X)] < 0,
i.e. in the initial epoch there exists a utility that strictly prefers the benchmark, something not
true after the structural change. When T*|Gy, (v, A\, 7)| > (br — T*)Gp, (v, A, T), then A cannot
be considered dominant to the benchmark by the dominance relation, since there will always exist
a subsample-namely the first-for which the definition would fail; for the particular choice of by,
the first epoch expected utility relations are of importance to the analyst as long as the previous

inequality is satisfied. If as T — oo, by — oo, and Gp,(v,\,7) > 0, then eventually by >

T* (|G (v, A7) [+GEy (v,A,7))
G]FQ ('U,A,T)

, and the first epoch expected utility relations become negligible for the
researcher; dominance eventually holds. Hence, the subsampling part of the definition allows for
scrutiny w.r.t. the potentially different expected utility relations at different epochs in the sample,
somehow justifying the characterization distributionally robust. The choice of the subsampling rate

reflects among others the analysts’ preferences on the level of epoch refinement.



The latency of P generally implies the latency of the relation for the analyst. An empirical
approximation of the relation is the one produced when the outer integration w.r.t. P is dropped

from the previous definition:

Definition 2. A empirically dominates the benchmark T w.r.t. (U, by, (X¢)ten) iﬁG]Fm,bT (u, A\, 1) >

0O, Vuecld,¥m=1,...,T —bp — 1.

What matters now for the empirical dominance are the relations between the average utilities
for every subsample at the sample realization. Given that G]pm’bT generally depends on m and bp,
the subsampling part of the definition plays a role even in cases where the underlying process is
stationary, unless by = T'. As a matter of fact, in the context of stationarity, and if the subsampling
distributions Fy, 3, are stochastic approximations of the unknown marginal I, the empirical version
of the definition means that now dominance is defined in a conservative and distributionally robust
manner when by < T': the expected utility relations must hold for every allowed subsample empirical
distribution.

The non-empty subset of A that is comprised by elements that empirically dominate the bench-
mark 7 is obtainable as the set of solutions of the following statistical-variational problem:

inf inf Gy, , (u,A,7) >0, (1)

m uelU

form=1,..., T —bp — 1.

Any non-trivial solution of (1) can be subsequently utilized in further optimization procedures.
For example, in the financial context of portfolio choice, the optimal A is usually chosen as the
optimizer of some further empirical criterion defined on the set of solutions of stochastic dominance
problems like (1)-see for example Arvanitis and Post (2024) [2]. Therefore, it is essential that the
probability of the decision error event of false dominance (FD)—where an empirical dominant A is

incorrectly identified as population dominant—is minimal.



3 Concentration and the false dominance probability bound

In this section a non-asymptotic analysis of the probability of FD for an arbitrary non-trivial
solution of (1) is provided. Specifically, A(br), satisfies infy, infuey G,,, . (u, A(br),7) = 0, while
being non-dominant in the population; there exists a "false dominance” parameter ¥ < 0, a u € U,
and a subsample m, such that Ep GFm,bT (u, X(br),T)| < ¥, where Ep GFm,bT (u, X(bp),T)| =
Ep [GFm,bT (u, A, 7')} |a=a(vy)- The probability of this event is expected to be influenced by various
factors, including the subsampling rate and the set of related subsamples. Analyzing these can
help determine if the conservative method outlined in (1) is linked to a lower probability of FD for
certain subsampling parameter selections, as opposed to the non-conservative full sample scenario
where by = T.

The analysis of the probability of FD is based on a generalization of the McDiarmid concen-
tration inequality (see McDiarmid (1989) [9]) from the framework of independence to the one of
n-mixing by Kontorovich and Ramanan (2008) [7]. For the precise definition of the concept the in-
terested reader is referred to the previous paper. The formal definition involves bounds in the form
of the n-mixing coefficients; for the m™ subsample , the coefficient s, m <t <s<bp+m—1isthe
least upper bound of the maximal total variation distance between the conditional distributions of
(Xj)jzs7,_.7bT+m,1 given (X;)j=m,...t—1 when t < s, and equals 1 when ¢t = s. Those coeflicients are

Nt,s) t<s
summarized in the by x by triangular matrix A, 5., with A, 4. (2, s) := ol VAN Y 98

0,t>s

denotes its operator norm which equals 1 + max,,<t<pp+m—1 Z?Zr_ﬁ_l 7,5 The process (X¢)ien is

then characterized as n-mixing iff supyp ||Aj 7|lec < +00. Examples of n-mixing processes are con-
tractive Markov processes as well as geometrically ¢ (uniform)-mixing processes-see for example
Kontorovich and Ramanan (2008) [7] and Samson (2000) [15].

The FD analysis proceeds by considering the supposedly P-positive probability event 8\(1,[) )=
{Ep {Gymbe (u, A(br), 7')] <V <0, Iu, m)} indicating population nondominance with parameter
V. Given this, the probability of FD is formed as P {infm infuey Gw,,, . (u, A(br), 7) = O/S&,bT) ;

then the following result is obtained:



Proposition 3. Suppose that the stochastic process (X¢)ien is n-mizing w.r.t. P. Let Kpy, =
inf,,, Ep |:G]Fm,bT (u, A(br), ’T)} — Ep [GFm,bT (u, A(bT),T)}. Then, for anyT > 1 and 1 < bp < T, it

holds that

P [mf inf G, , (u,A(br), 7) > 0/55”)] < exp (

m uelU

bT max{\I/2, (‘\I/‘ +infm K]pym)Z} (2)
162 ||A||Z diam? (X) infn, || Ampr 12 )

Furthermore, for any a € (0,1), whenever

max{m/\, 0] + ianP,m\} > dly||A || codiam () inf [ Ay |loo V/ In 0?7

it holds that

m ueU

P [inf inf G, , (u,A(br), ) > 0/5&,{’”} <a. (3)

Proof. In what follows dy denotes the usual Hamming metric restricted on X’; this is defined as
dy(x,y) = Zfil Ly,2y,, for arbitrary @,y € X. For X, by, Ym by, realizations of (X (m),),,<,<p..

and due to Holder’s inequality it is obtained that

o Y L N ] |

lw||A]|oco 72
< dg (Xm,bTvym,bT> %dlam (X) .

This and the triangle inequality imply that

Xm, Ym, 2l [|A]|oo 7:
GIF"LZ; (u> )‘7 T) - G]mel;; (ua )\7 7-) < dH (xm,bTa Ym,bT) %dlam (X) )

where G*™*r denotes evaluation of the expected utility differential at realization x,, ...



Now, from the definitions of A (br) and the event Eé,b 7) it is obtained that

P |:infm infuey Gw,,, . (u, A(br), 7)) = 0/5\(;T)]
S ]P) |:11'lfm [GFm,bT (u7 A(bT)a T)i| Z _‘IJ + lnfm ]E[PJ [GF’mbe (’LL, A(bT)’ T)/gé,bT):H
D

< inf P [Gr,,, (0, A(br), 7) = W + infy B |G, (u A1), 7) /€57

—~

< infy, PG, (u, Abr), 7) = Bp [Gr, (0, A1), 7)] >~ + Ko /65|
) ( b (U4 Kp )2 ) ®) < by max{|¥|?,(|¥|+infm Kp 1n)?} )

< inf,, ex — - = ex — - -
= Mm OXP | =162 [[ATZ, diam(X) [ A o 126 P\ 7 162 AT, diam? () infos 1A 5 12

(1) (2)
where < follows from the Fréchet inequality, the concentration in < follows from Theorem 1.1
of Kontorovich and Ramanan (2008) [7], for ¢ = %diam (X) and n = by, and D follows by
optimization, and Lemma 7.64 of Aliprantis and Border (1999) [1]. (3) follows by bounding the

exponential concentration above by « and solving for max {|¥|, (|¥| + inf,, Kpm)}. O

The tightness of the exponential concentration bound that appears in (3) depends positively on
the subsampling rate bp. It also depends positively on the false dominance parameter | V|, and the
magnitude of the difference sup,, Ep |Gw,, , (u, )\(bT)} — inf,, Ep |:GFm,bT (u, )\(bT)], whenever this
is greater than |¥| in which case the term (|¥|+inf,,, Kp,,)? dominates. This provides a motivation
for applying the subsampling procedure whenever the process (X;)en is non stationary; choosing
br < T could ceteris paribus imply small probability of FD, if the aforementioned difference is
large enough even for moderate values of the FD parameter. Notice that whenever by = T, or the
process is stationary, this difference is nullified.

Furthermore, and as expected, the tightness of the bound depends negatively on the ”entropy”
parameters [y, ||Al|c, and diam(X) that represent the complexity of the function class involved in
the statistical procedure in (1). Leveraging the scaling invariance of U to make Iy, arbitrarily small
is futile; this would simultaneously require the same rescalling of the FD parameter ¥ as well as
the term inf,,, Kp,,. Since A is part of the standard simplex, ||Al/~ can be further bounded by 1.

The bound tightness also depends on the minimal w.r.t. the set of subsamples norm of the
mixing coefficients of the process. Given the choice of the subsampling rate, and in the conser-

vative case where by < T, dependence of the bound on the optimal temporal mixing structure



across the subsamples provides another motivation for the consideration of the conservative sub-

sampling procedure compared to the full sample one; given that the full sample bound equals

exp <— Tv?
16126, [IA]1 2, diam? (X) || Aq, 7 ]2,

. . . infm, ||Am7bT lloo
bound is tighter if bp > TW

), and even if |¥| dominates the numerator term, the subsampling
Forms of non-stationarity can provide leeway for the
optimal choice of the subsampling rate as it relates this choice to the minimal-across the resulting
subsamples-temporal dependence; this can also provide more room in order for the numerator term
to be optimal due to the dominance of the (|¥| + inf,, Kp,)? term.

For a simple example, consider the two-epoch process of the previous section. Furthermore,
suppose that (Xgl))teN and (X,@)teN are np-mixing; 71 and 72 denote the respective mixing co-
efficients. It is then establishable that (X¢)tcy is also 7-mixing, with mixing coefficients 7, , =

;

Nit,s) br+m-—-1<T*

0,t<T*<s . It then holds that [|A; 7|/« := 1+max {Z]T:*? IBRE Z?:T*_H ﬁg;T*J}

\772;7287 T* <t

. _ . b -1 —
1 + min {771;T*—2,T*—1, ming, >+ jijr:i1 ! 772;m,j} , by <T™
and infy, [|Ap byl = . Then the
1+ Nurs—2 -1, by =2 T™
latter is smaller than the former.

infm | Am by [l

Stationarity reduces the by > T Bl

inequality to the more restrictive version:

b
14+max) <i<pr—1 9, bs1q Tt,j _ _
bTT > AL Z%‘”{ L. If furthermore for some 0 < 1 < 1, whenever t < s, ;s < cn® !,
14+maxX i <e<T—1 2 g 41 M, ’

as in the case of geometric ¢-mixing or a uniformly contracting Markov process-see for example

Samson (2000) [15], revisiting the concentration bounds leads to the sufficient condition for tighter

1—77bT
1-nT -

subsampling bound %T > If, in addition, by assumes the form 79 for some 0 < & < 1, then

the choice of any 4 that also satisfies 701 > 11__2;5, implies a tighter bound for the subsampling
procedure. For large enough 7', this holds whenever In(1 — ¢) < nT6 —nT'. Hence, the conservative
subsampling empirical dominance procedure can be also useful in cases of stationarity; conserva-
tiveness implies that the optimal choice of the subsampling rate is connected to tighter bounds for
the probability of FD.

The analysis leading to (3) provides also a lower bound for the subsampling rate in order for the

procedure to have a finite sample probability of FD less than a given significance level. Combining

10



the result with the previous discussion it 1is obtained that if it is true that

infrm |Ampplle 161n al? || A% diam? (X) infm (AN [
Ar7lle 7 max{|¥|2,(|¥|+inf, Kpm)?}

max {T } < by < T, then the conservative sub-

sampling procedure simultaneously achieves the nominal significance, while obtaining a lower FD

probability bound compared to the full sample procedure.

1617 || Al| 2, diam? (X) infrm || A,y (136
max{ [W|2,(|¥|+infn, Kpm)?}

Finally, if = o(br), and if as T' — oo, by — 0o, then it follows that

limp_ oo P [infm inf,cyy Gp u, A\(bp),7) >0/ S\g’ T)] = 0, indicating an asymptotically negligible

m,bp (
probability for the FD decision error. This also allows for the dependence on T of the parameters

U and N.

4 Discussion

The results above motivate both the considerations of the conservative subsampling based domi-
nance definition, as well as the subsampling based statistical procedure for the estimation of dom-
inant elements. In nonstationary frameworks involving, for example, structural breaks between
n-mixing processes the subsampling-based definition of the dominance relation can be related to
the detection of dominance relations that persist across different regimes for the process involved.
Under n-mixing the subsampling based estimation can be related to smaller concentration bounds
for the probability of the decision error of false dominance when the subsampling rate can be cho-
sen so as to take into account the minimal across the resulting subsamples temporal dependence
structure. In stationary frameworks the subsampling based dominance definition coincides with
the classical one. Even then, the subsampling-based estimation can be related to smaller concen-
tration bounds whenever the choice of the susampling rate takes into account the way the mixing
coefficients evolve with the sample size.

The results on the probability bounds are based on strong assumptions about the support of
the random elements involved in the constructions, as well as the form of the temporal dependence
in the underlying stochastic process. Extensions of the results in cases where the supports are
not necessarily countable and/or the temporal dependence assumes the more familiar form of
strong mixing are paths of further research. Such considerations could be facilitated by fascinating

results relating Ricci (or more generally Bakry—Emery) positive curvature-dimension conditions

11



with transportation inequalities and concentration phenomena-see for example Villani (2009) [17]

and Ohta and Takatsu (2011) [12].
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